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Abstract
Finsler metrics of scalar flag curvature play an important role to show the com-
plexity and richness of Finsler geometry. In this paper, on an n-dimensional manifold
M we study the Finsler metric F = F (x, y) of scalar flag curvature K = K(x, y) and
discover some equations K should be satisfied. As an application, we mainly study
the metric F of weakly isotropic flag curvature. We prove that in this case, F must
be a Randers metric when dim(M) ≥ 3 or be of constant flag curvature. Without the
restriction on the dimension, the same result is obtained for projectively flat Finsler
metrics of weakly isotropic flag curvature.
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1 Introduction
The flag curvature of Finsler metrics is a natural analogue of sectional curvature of Rieman-
nian metrics. Let F = F (x, y) be a Finsler metric on an n-dimensional manifold M . The
flag curvature K = K(Π, y) of F is a function of ”flag” Π ⊂ TxM and ”flag pole” y ∈ TxM
at x with y ∈ Π. A Finsler metric is of scalar flag curvature K = K(x, y) if the flag curva-
ture is independent of the ”flags” Π ⊂ TxM for each ”flag pole” y at x with y ∈ Π. As a
special class in Finsler geometry, with the quadratic restriction, if a Riemannian metric is
of scalar flag curvature, then the flag curvature must be independent of the ”flag pole”, i.e.
K = K(x). By Schur’s Lemma, in dimension n ≥ 3, K = constant. The classification of
Riemannian metrics of constant flag curvature (sectional curvature) is well-known. However,
the classification of Finsler metrics of scalar flag curvature (even constant flag curvature) is
far from being understood. Then a natural inverse problem arises: how to determine the
Finsler metric F = F (x, y) when its flag curvature K = K(x, y) is given?
In this paper, we first establish two equations of the scalar flag curvature K should be
satisfied in Lemma 3.2 and 3.1. From these two equations, one can see that there are some
restrictions on K. As an application, we study the Finsler metrics of weakly isotropic flag
curvature
K =
3θ
F
+ σ, (1.1)
1
where θ = θi(x)y
i is a 1-form and σ = σ(x) is a scalar function. It is easy to see that
when θ = 0, then K = σ(x) and hence K = constant in dimension n ≥ 3 by the Schur’s
Lemma. The classification of Finsler metrics of constant flag curvature is still unknown
though many metrics of constant flag curvature were found [2][4][5][9][10][11][13]. When
θ 6= 0, it seems more general than the previous case. That’s why the name ”weakly isotropic”
flag curvature is given. The flag curvature in (1.1) was first considered in [6] when the
authors studied Finsler metrics with isotropic S-curvature. They proved that if a Finsler
metric with isotropic S-curvature and of scalar flag curvature K = K(x, y), then K must be
in the form (1.1). In the past years, many Finsler metrics of weakly isotropic flag curvature
are discovered. However, all of them are Randers metrics when the 1-form θ 6= 0. In [7],
X. Cheng and Z. Shen classified Randers metrics of weakly isotropic flag curvature when
dim(M) ≥ 3. These Randers metrics can be expressed by
F =
√
(1− ‖W‖2h)h2 + (Wiyi)2
1− ‖W‖2h
− Wiy
i
1− ‖W‖2h
, (1.2)
where
h =
√
|y|2 + µ(|x|2|y|2 − 〈x, y〉2)
1 + µ|x|2 ,
W = −2
[
(δ
√
1 + µ|x|2 + 〈a, x〉)x − a|x|
2
√
1 + µ|x|2 + 1
]
+ xQ + b+ µ〈b, x〉x,
δ, µ are constant, Q = (q ij ) is an anti-symmetric matrix and a, b ∈ Rn are constant vectors.
In this case, the flag curvature is given by
K = 3
cxmy
m
F
+ σ,
where
c =
δ + 〈a, x〉√
1 + µ|x|2 , σ = µ− c
2 − 2cxmWm.
Then it is natural to ask that if a Finsler metric of weakly isotropic flag curvature (θ 6= 0)
must be a Randers metric or not? In the following theorem, we give the positive answer to
this question when the dimension of the manifold is not less than 3.
Theorem 1.1 Let F be a Finsler metric on an n-dimensional manifold M (n ≥ 3) of
weakly isotropic flag curvature. Then F must be a Randers metric in (1.2) or be of constant
flag curvature.
When θ = 0, then K = σ(x) and by Schur’s Lemma K = constant. When θ 6= 0, the
proof is based on Lemma 3.2 and Lemma 3.1 obtained in Section 3. We first prove the
1-form θ is closed and then find a quadratic equation F should be satisfied. By the above
theorem and Lemma 2.1, we immediately get the following corollary.
Corollary 1.2 Let F be a Finsler metric on an n-dimensional manifold M (n ≥ 3) of
scalar flag curvature and having almost isotropic S-curvature, i.e.,
S = (n+ 1)(cF + η),
where c = c(x) is a scalar function and η = ηi(x)y
i is a closed 1-form. If c(x) is not a
constant, then F is a Randers metric in (1.2).
2
If there is no restriction on flag curvature, some results of Randers metrics having almost
S-curvature can be found in [7][8][16].
In Theorem 1.1, we need the condition that dim(M) ≥ 3. Then it is natural to ask how
about the case when dim(M) = 2? Till now, we still do not know how to discuss this case
in general. However, as we known that all projectively flat Finsler metrics are of scalar flag
curvature. For this special class we obtain the following result without the restriction on
the dimension.
Theorem 1.3 Let F be a projectively flat Finsler metric of weakly isotropic flag curvature
K =
3θ
F
+ σ,
where θ = θi(x)y
i 6= 0 is a 1-form and σ = σ(x) is a scalar function. Then F is a Randers
metric.
It is known that Randers metrics of weakly isotropic flag curvature must be with isotropic
S-curvature. In [6], projectively flat Randers metric with isotropic S-curvature is totally
determined. When θ = 0, then K = σ(x). It is known that projectively flat Finsler metrics
with K = σ(x) must be of constant flag curvature. In dimension greater than two, it follows
from the Schur’s Lemma. In dimension two, it is proved by L. Berwald. In [9], we have
given the classification of projectively flat Finsler metrics with constant flag curvature.
The following corollary is obvious by Theorem 1.3 and Lemma 2.1.
Corollary 1.4 Let F be a locally projectively flat Finsler metric with almost isotropic S-
curvature, i.e.,
S = (n+ 1)(cF + η),
where c = c(x) is a scalar function and η = ηi(x)y
i is a closed 1-form. If c(x) is not a
constant, then F is a Randers metric.
Then we ask the following
Open Problem: On a 2-dimensional manifold, is there any Finsler metric which is not a
Randers metric of weakly isotropic flag curvature in (1.1) (θ 6= 0)?
2 Preliminaries
Let M be a C∞ n-dimensional manifold. A Finlser metric F = F (x, y) on M is a C∞
function on TM \ {0} with the following properties: (i) F ≥ 0 and F (x, y) = 0 if and
only if y = 0; (ii) F is a positively homogeneous function of degree one, i.e., F (x, λy) =
λF (x, y), λ ≥ 0; (iii) F is strongly convex, i.e., for any y 6= 0, the matrix gij := 12 [F 2]yiyj
is positive definite. Specially, if gij = gij(x), then F is called a Riemannian metric, i.e.
F =
√
gij(x)yiyj . Randers metrics compose another group of simplest metrics in Finsler
geometry, which arise from many areas in mathematics, physics and biology [1]. They can
be expressed in the form F = α + β, where α =
√
aij(x)yiyj is a Riemannian metric and
β = bi(x)y
i is a 1-form with ‖β‖α < 1 for any point.
Consider a Finsler metric F = F (x, y) on an open domain U ⊂ Rn. The geodesics of F
are characterized by the following ODEs:
d2xi
dt2
+ 2Gi(x,
dx
dt
) = 0,
3
where Gi = Gi(x, y) are called geodesic coefficients given by
Gi =
1
4
gil
{ ∂2[F 2]
∂xm∂yl
ym − ∂[F
2]
∂xl
}
.
The Riemann curvature Ry = R
i
k
∂
∂xi
⊗ dxk is defined by Gi as the following
Rik := 2
∂Gi
∂xk
− ∂
2Gi
∂xl∂yk
yl + 2Gl
∂2Gi
∂yl∂yk
− ∂G
i
∂yl
∂Gl
∂yk
.
As an extension of sectional curvature in Riemann geometry, for each tangent plane
Π ⊂ TxM and y ∈ Π, the flag curvature of (Π, y) is defined by
K(Π, y) =
gimR
i
ku
kum
F 2gijuiuj − [gijyiuj ]2 ,
where Π = span{y, u}. A Finsler metric F is of scalar flag curvature if its flag curvature
K(Π, y) = K(x, y) is independent of the tangent plane Π. In this case
Rik = K{F 2δik − F
∂F
∂yk
yi}.
If F is a Riemannian metric, the flag curvatureK(Π, y) = K(Π) is independent of y. Finsler
metric F is said to be of isotropic flag curvature if K = K(x). If K is a constant, then F is
said to be of constant flag curvature.
In Finsler geometry, there are some non-Riemannian quantities. There quantities always
vanish for Riemannian metrics. Such as Cartan torsion, mean Cartan torsion, Berwald
curvature, Landsberg curvature, S-curvature and etc.
The Cartan torsion Cy = Cijkdx
i ⊗ dxj ⊗ dxk is defined by
Cijk =
1
2
∂gij
∂yk
=
1
4
∂3F 2
∂yi∂yj∂yk
.
And the mean Cartan torsion Iy = Ikdx
k is defined by
Ik = g
ijCijk.
It is obvious that Gi = 1
2
Γijk(x)y
jyk are quadratic in y for a Riemannian metric, where Γijk
are Christoffel symbols. However for general Finsler metrics, Gi are not always quadratic
in y. Thus a natural quantity is given by
By = B
i
jkl
∂
∂xi
⊗ dxj ⊗ dxk ⊗ dxl,
where
Bijkl = B
i
jkl(x, y) :=
∂3Gi
∂yj∂yk∂yl
.
B is called the Berwald curvature. Metrics with zero Berwald curvature are called Berwald
metrics. It is obvious that all Riemannian metrics are Berwald metrics.
The Landsberg curvature Ly = Lijkdx
i ⊗ dxj ⊗ dxk is defined by
Lijk = −1
2
ymgmlB
l
ijk = −
1
2
ymgml
∂3Gl
∂yi∂yj∂yk
.
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Metrics with zero Landsberg curvature are called Landsberg metrics. It is obvious that
all Berwald metrics are Landsberg metrics. The mean Landsberg curvature Jy = Jkdx
k is
defined by
Jk = g
ijLijk.
Related to weakly isotropic flag curvature we discussed here, S-curvature is first in-
troduced by Z. Shen in [14] when he studied the volume comparison theorem in Finsler
geometry. For a Finsler metric F = F (x, y), the S-curvature is defined as the following.
S =
∂Gm
∂ym
− ym ∂ lnσF
∂xm
,
where dVF = σF (x)dx
1...dxn is the Busemann-Hausdorff volume form. F is said to have
almost isotropic S-curvature if there is a scalar function c = c(x) such that
S = (n+ 1)(cF + η), (2.1)
where η = ηi(x)y
i is a closed 1-form. F is said to have isotropic S-curvature if η = 0.
Specially, F is said to have constant S-curvature if η = 0 and c is a constant. The following
lemma shows the relationship between the weakly isotropic flag curvature and almost S-
curvature.
Lemma 2.1 ([6]) Let F be a Finsler metric of scalar flag curvature K = K(x, y). If F
has almost isotropic S-curvature as in (2.1), then F is of weakly isotropic flag curvature
K =
3
F
∂c(x)
∂xk
yk + σ,
where σ = σ(x) is a scalar function.
Projectively flat Finsler metrics compose a large class of metrics of scalar flag curvature
in Finsler geometry. A Finsler metric F = F (x, y) on an open domain U ⊂ Rn is said to be
projectively flat in U if all geodesics are straight lines. In 1903, G. Hamel proved that F is
projectively flat if and only if
∂2F
∂xl∂yk
− ∂
2F
∂xk∂yl
= 0. (2.2)
This is also equivalent to its geodesic coefficients Gi = P (x, y)yi, where P = Fxky
k/(2F ) is
called the projective factor of F . In this case, the flag curvature K is a scalar function on
TU given by
K =
P 2 − ∂P
∂xm
ym
F 2
.
In 1929, L. Berwald proved the following lemma which plays an important role in our proof
of Theorem 1.3.
Lemma 2.2 ([3]) Let F = F (x, y) be a Finsler metric on an open subset U ⊂ Rn. Then
F is projectively flat if and only if there is a positively y-homogeneous function of degree
one, P = P (x, y), and a positively homogeneous function of degree zero, K = K(x, y), on
TU ≃ U ×Rn such that
∂F
∂xk
=
∂(PF )
∂yk
, (2.3)
∂P
∂xk
= P
∂P
∂yk
− 1
3F
∂(KF 3)
∂yk
. (2.4)
In this case, P is the projective factor of F .
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3 Berwald Connection and Main Lemmas
In this section, we use Berwald connection to prove our main lemmas. One can find details
in [15]. For simplicity, let
F·i =
∂F
∂yi
, F·i·j =
∂2F
∂yi∂yj
, Fxi =
∂F
∂xi
, ....
Let ”|” denote the covariant derivative of Berwald connection. The index ”0” means the
contraction with yi. For example, for any scalar function T = T (x, y) on TM
T|0 = T|my
m, T|0·k = T|m·ky
m, T·k|0 = T·k|my
m, T|0|0 = T|l|my
lym, ....
Let R lm ij denote the hh-curvature of the Berwald connection. Then
R lm ij =
1
3
( ∂2Rli
∂ym∂yj
− ∂
2Rlj
∂ym∂yi
)
,
Rlij = y
mR lm ij =
1
3
(∂Rli
∂yj
− ∂R
l
j
∂yi
)
.
Using the Berwald connection, the following Bianchi identities for R lm ij are well-known.
R li mk·j = B
l
ijk|m −Blijm|k, (3.1)
R lm ij|k +R
l
m jk|i +R
l
m ki|j = B
l
miuR
u
jk +B
l
mjuR
u
ki +B
l
mkuR
u
ij . (3.2)
Contracting the above equation with ym and yj yields
Rli|k −Rlk|i +Rlki|0 = 0. (3.3)
Taking a trace of (3.3) over l and i, we get
Rmm|k −Rmk|m +Rmkm|0 = 0. (3.4)
We use the above two identities to prove the following two lemmas. Now assume that Finsler
metric F is of scalar flag curvature K = K(x, y). Then
Rik = KF
2hik, (3.5)
Rmm = (n− 1)KF 2, (3.6)
where
hik = g
ijhjk = δ
i
k −
1
F
F·ky
i, hjk = gjk − F·jF·k.
By a direct computation, we have
Rmij =
1
3
F 2(K·jh
m
i −K·ihmj )−KF (F·iδmj − F·jδmi )
=
FK·j
3
(Fδmi − F·iym)−
FK·i
3
(Fδmj − F·jym) + FK(F·jδmi − F·iδmj ),
(3.7)
6
R ij kl =K(gjlδ
i
k − gjkδil ) +
F 2
3
(K·j·lh
i
k −K·j·khil) +K·jF (F·lδik − F·kδil )
+
1
3
K·l(2FF·jδ
i
k − FF·kδij − gjkyi)−
1
3
K·k(2FF·jδ
i
l − FF·lδij − gjlyi),
(3.8)
R mm ij =
n+ 1
3
F (K·iF·j −K·jF·i). (3.9)
The following lemma was first proved in [12] when F is of weakly isotropic flag curvature.
Here we give the general version.
Lemma 3.1 Let F be a Finsler metric on an n-dimensional manifold M (n ≥ 3) of scalar
flag curvature K = K(x, y). Then
FK|k − F·kK|0 −
1
3
FK·k|0 = 0, (3.10)
i.e. [K|0
F
]
·k
=
4
3
K·k|0
F
. (3.11)
Proof: By a direct computation, we get
Rmm|k = (n− 1)K|kF 2, Rmk|m = F 2K|k − FF·kK|0,
Rmkm = −
n− 2
3
F 2K·k − (n− 1)KFF·k,
Rmkm|jy
j = −n− 2
3
F 2K·k|0 − (n− 1)FF·kK|0.
Substituting the above equations into (3.4) yields
(n− 2){FK|k − F·kK|0 − 1
3
FK·k|0
}
= 0.
By the assumption n ≥ 3, we obtain (3.10). Noting that K|0·k = K·k|0, then
[K|0]·k = K|k +K·k|0.
Thus (3.10) is equivalent to (3.11). Q.E.D.
The following lemma plays an important role in proving our main results.
Lemma 3.2 Let F be a Finsler metric on M of scalar flag curvature K = K(x, y). Then
(K·j|i −K·i|j)F·k + (K·i|k −K·k|i)F·j + (K·k|j −K·j|k)F·i = 0. (3.12)
Proof: Differentiating (3.10) with respect to yi yields
F·iK|k+FK|k·i−F·k·iK|0−F·kK|i−F·kK|0·i−
1
3
F·iK·k|0−
1
3
FK·k|i−
1
3
FK·k|0·i = 0. (3.13)
Exchanging the indices, we have
F·kK|i+FK|i·k−F·k·iK|0−F·iK|k−F·iK|0·k−
1
3
F·kK·i|0−
1
3
FK·i|k−
1
3
FK·i|0·k = 0. (3.14)
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Note that
K|k·i = K·i|k −K·mLlkiglm, K|0·i = K·i|0 (3.15)
and
K·i|0·k = K·i·k|0 +K·lB
l
ijky
j −K·i·lLmjkglmyj = K·i·k|0. (3.16)
1
2F
[(3.13)− (3.14)]× F·j yields
(K|i −
1
3
K|0·i)
F·jF·k
F
− (K|k −
1
3
K|0·k)
F·iF·j
F
+
2
3
(K·i|k −K·k|i)F·j = 0.
The following two equations can be obtained similarly,
(K|j −
1
3
K|0·j)
F·kF·i
F
− (K|i −
1
3
K|0·i)
F·jF·k
F
+
2
3
(K·j|i −K·i|j)F·i = 0,
(K|k −
1
3
K|0·k)
F·iF·j
F
− (K|j −
1
3
K|0·j)
F·kF·i
F
+
2
3
(K·k|j −K·j|k)F·i = 0.
By summing up the above three equations, we obtain (3.12). Q.E.D.
Based on Lemma 3.2, when K = 3θ
F
+ σ, we can prove that θ must be closed.
Lemma 3.3 Let F be a Finsler metric on an n-dimensional manifold M (n ≥ 3) of weakly
isotropic flag curvature
K =
3θ
F
+ σ,
where θ = θi(x)y
i is a 1-form and σ = σ(x) is a scalar function. Then θ must be a closed
1-form.
Proof: By a direct computation, we get
K·i =
3θi
F
− 3θ
F 2
F·i,
K·i|j =
3θi|j
F
− 3θ|j
F 2
F·i. (3.17)
Plugging (3.17) into (3.12) yields
(θk|j − θj|k)F·i + (θi|k − θk|i)F·j + (θj|i − θi|j)F·k = 0. (3.18)
By θi|j = θixj − θmGm·i·j , θj|i − θi|j = θjxi − θixj and F·i =
[
1
2
F 2
]
·i
, we have
(θkxj − θjxk)
[1
2
F 2
]
·i
+ (θixk − θkxi)
[1
2
F 2
]
·j
+ (θjxi − θixj )
[1
2
F 2
]
·k
= 0. (3.19)
Noticing gij =
1
2
[F 2]·i·j and differentiating (3.19) respect to y
l yields
(θkxj − θjxk)gil + (θixk − θkxi)gjl + (θjxi − θixj )gkl = 0. (3.20)
Contracting the above equation with gkl, we get
(n− 2)(θjxi − θixj ) = 0. (3.21)
By the assumption n ≥ 3, then θjxi = θixj . Thus θ is a closed 1-form. Q.E.D.
By Lemma 3.2 and 3.1, we can prove the following main lemma which plays an important
role in our proof of Theorem 1.1.
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Lemma 3.4 Let F be a Finsler metric on an n-dimensional manifold M (n ≥ 3) of weakly
isotropic flag curvature
K =
3θ
F
+ σ,
where θ = θi(x)y
i is a 1-form and σ = σ(x) is a scalar function. Then θ is a closed 1-form
and there exists a scalar function f = f(x) such that
fF 2 − σ|0F − θ|0 = 0. (3.22)
In this case,
θ|i = fFF·i −
1
2
σ|iF −
1
2
σ|0F·i, (3.23)
θ|i|j = f|jFF·i −
1
2
σ|i|jF −
1
2
σ|0|jF·i. (3.24)
Proof: By Lemma 3.3, θ is closed. Then
θm|k − θk|m = 0, θ|k − θk|mym = 0, (3.25)
and
(θ|my
m)·k = 2θ|k. (3.26)
By a direct computation, we have
K|0 =
3θ|0
F
+ σ|0,
K·k|0 =
3θ·k|0
F
− 3θ|0
F 2
F·k =
3θ|k
F
− 3θ|0
F 2
F·k =
3
2
F
[ θ|0
F 2
]
·k
.
Plugging the above two equations into (3.11) yields
[σ|0
F
+
θ|0
F 2
]
·k
= 0. (3.27)
Then there exists a scalar function f = f(x) such that (3.22) holds. Differentiating (3.22)
respect to yi yields
2fFF·i − σ|iF − σ|0F·i − 2θ|i = 0.
Differentiating the above equation along the direction δ
δxj
yields
2f|jFF·i − σ|i|jF − σ|0|jF·i − 2θ|i|j = 0.
Then we obtain (3.23) and (3.24). Q.E.D.
Our proofs of the Theorem 1.1 and 1.3 are based on the following lemma.
Lemma 3.5 Let F = F (x, y) be a Finsler metric. If there is a scalar function a = a(x), a
1-form η = ηi(x)y
i and a 2-form ξ = ξijy
iyj such that
aF 2 + ηF + ξ = 0. (3.28)
If ξ 6= 0 or η 6= 0, then F is a Randers metric.
Proof: Obviously, (3.28) is a quadratic equation of F . By the assumption that ξ 6= 0 or
η 6= 0, then
a 6= 0
and
F =
−η +
√
η2 − 4aξ
2a
is a Randers metric. Q.E.D.
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4 Proof of Theorem 1.1
In this section, we prove Theorem 1.1 by Proposition 4.1 and Lemma 4.2. By Lemma 3.4,
the following proposition can be proved now. The key idea is to use the Ricci identity several
times.
Proposition 4.1 Let F be a Finsler metric on an n-dimensional manifold M (n ≥ 3) of
weakly isotropic flag curvature
K =
3θ
F
+ σ,
where θ = θi(x)y
i 6= 0 is a 1-form and σ = σ(x) is a scalar function. Then there exists a
scalar function λ = λ(x) such that θ = λσ|0 and one of the following holds.
(i) F is a Randers metric;
(ii) The scalar function σ and λ satisfy
4λ(f|0 + σθ) + σ|0 = 0 (4.1)
and
6λ3σ|0 + λ|0 = 0, (4.2)
where f = f(x) satisfies (3.22).
Proof: By the assumption K = 3θ
F
+ σ, plugging it into (3.7) yields
Rmij =
1
F
(θjδ
m
i − θiδmj )− ym(θjF·i − θiF·j)−
θ
F
(F·jδ
m
i − F·iδmj ) + FK(F·jδmi − F·iδmj ).
By the Ricci identity we have
θ|i|j − θ|j|i = θmRmij = FK(θiF·j − θjF·i).
Substituting (3.24) into the above equation, then by σ|i|j = σ|j|i we get
f|jFF·i − f|iFF·j −
1
2
σ|0|jF·i +
1
2
σ|0|iF·j = FK(θiF·j − θjF·i). (4.3)
Contracting (4.3) with yj yields
f|0FF·i − f|iF 2 −
1
2
σ|0|0F·i +
1
2
σ|0|iF = FK(θiF − θF·i). (4.4)
Noting that
f|0FF·i − f|iF 2 = −F 3
[f|0
F
]
·i
, σ|0|iF − σ|0|0F·i =
1
2
F 3
[σ|0|0
F 2
]
·i
and
(θiF − θF·i) = F 2
[ θ
F
]
·i
=
1
3
F 2
[3θ
F
+ σ
]
·i
=
1
3
F 2K·i,
we can rewrite (4.4) into
F 3
[f|0
F
− 1
4
σ|0|0
F 2
+
1
6
K2
]
·i
= F 3
[f|0
F
+
σθ
F
− 1
4
σ|0|0
F 2
+
3θ2
2F 2
]
·i
= 0.
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Then there exists a scalar function h = h(x) such that
f|0
F
+
σθ
F
− 1
4
σ|0|0
F 2
+
3θ2
2F 2
= −1
2
h.
Which is equivalent to
1
2
σ|0|0 = hF
2 + 2(f|0 + σθ)F + 3θ
2. (4.5)
Now we divided our left proof into the following two cases.
Case (a) σ|0 = 0. In this case, (4.5) becomes into
hF 2 + 2(f|0 + σθ)F + 3θ
2 = 0.
It is easy to see that F must be a Randers metric by Lemma 3.5.
Case (b) σ|0 6= 0. In this case, we prove that θ is parallel to σ|0. Differentiating (4.5)
respect to yi yields
σ|0|i = 2hFF·i + 2(f|i + σθi)F + 2(f|0 + σθ)F·i + 6θθi. (4.6)
Differentiating (4.6) along the direction δ
δxj
yields
σ|0|i|j = 2h|jFF·i + 2(f|i|j + σ|jθi + σθi|j)F + 2(f|0 + σθ)|jF·i + 6θ|jθi + 6θθi|j .
Then
σ|0|i|j − σ|0|j|i
=2(h|jF·i − h|iF·j)F + 2(σ|jθi − σ|iθj)F
+ 2(f|0 + σθ)|jF·i − 2(f|0 + σθ)|iF·j + 6(θ|jθi − θ|iθj).
(4.7)
Here we used f|i|j = f|i|j and θi|j = θj|i. Contracting (4.7) with y
j yields
σ|0|i|0 − σ|0|0|i
=2(h|0F·i − h|iF )F + 2(σ|0θi − σ|iθ)F
+ 2(f|0 + σθ)|0F·i − 2(f|0 + σθ)|iF + 6(θ|0θi − θ|iθ)
=− F 3[2h|0
F
+
(f|0 + σθ)|0
F 2
]
·i
+ 2(σ|0Fθi − σ|iFθ) + 6(θ|0θi − θ|iθ).
(4.8)
By (3.22) and (3.23), we have
σ|0F = fF
2 − θ|0,
σ|iF = 2fFF·i − σ|0F·i − 2θ|i = fFF·i +
1
F
θ|0F·i − 2θ|i.
Substituting the above two equations into (4.8) yields
σ|0|i|0 − σ|0|0|i
=− F 3[2h|0
F
+
(f|0 + σθ)|0
F 2
]
·i
+ 2(fF 2θi − fFF·iθ)− 2
F
θ|0F·iθ + 4θ|0θi − 2θ|iθ
=− F 3[2h|0
F
+
(f|0 + σθ)|0
F 2
− 2f θ
F
]
·i
− 2
F
θ|0F·iθ + 4θ|0θi − 2θ|iθ.
(4.9)
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On the other hand, by Ricci identity we have
σ|0|i|0 − σ|0|0|i = σ|mRmijyj =2(
3θ
F
+ σ)(θ|0F·i − Fθ|i)
=
6
F
θ|0F·iθ − 6θ|iθ − F 3
[
σ
θ|0
F 2
]
·i
.
(4.10)
By (4.9) and (4.10), we have
[2h|0
F
+
(f|0 + σθ)|0
F 2
− 2f θ
F
− σ θ|0
F 2
]
·i
=
4
F 3
(θ|0θi + θ|iθ −
2
F
θ|0F·iθ) = 4
θ|0
F 2
[ θ
F
]
·i
+ 2
[ θ|0
F 2
]
·i
θ
F
(4.11)
Then [2h|0
F
+
(f|0 + σθ)|0
F 2
− 2f θ
F
− σ θ|0
F 2
− 2 θ|0
F 2
θ
F
]
·i
= 2
θ|0
F 2
[ θ
F
]
·i
. (4.12)
Thus, we obtain
[ θ|0
F 2
]
·j
[ θ
F
]
·i
=
[ θ|0
F 2
]
·i
[ θ
F
]
·j
.
By (3.22), the above equation is equivalent to
[σ|0
F
]
·j
[ θ
F
]
·i
=
[σ|0
F
]
·i
[ θ
F
]
·j
.
Simplifying the above equation yields
(σ|iθj − σ|jθi)F 2 + σ|mym(θiFF·j − θjFF·i) + θ(σ|jFF·i − σ|iFF·j) = 0. (4.13)
Differentiating (4.13) with respect to yk and yl yields
0 =2(σ|iθj − σ|jθi)gkl + σ|k(θigjl − θjgil) + σ|l(θigjk − θjgik)
+ 2σ|my
m(θiCjkl − θjCikl) + θk(σ|jgil − σ|igjl)
+ θl(σ|jgik − σ|igjk) + 2θ(σ|jCikl − σ|iCjkl),
(4.14)
where Cijk =
1
4
[F 2]·i·j·k and Ii = g
jkCijk . Contracting (4.14) with g
kl, we get
0 = (n− 2)(σ|iθj − σ|jθi) + σ|0(θiIj − θjIi) + θ(σ|jIi − σ|iIj). (4.15)
By Ijy
j = 0, contracting (4.15) with yj yields
0 = (n− 2)(σ|iθ − σ|0θi).
Thus, there exists a scalar function λ = λ(x) such that
θi = λσ|i. (4.16)
By a direct computation, we get
θ|0 =λ|0σ|0 + λσ|0|0 = 2λhF
2 + 4λ(f|0 + σθ)F + 6λθ
2 + λ|0σ|0. (4.17)
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Here the second equality is from (4.5). Substituting (4.17) back into (3.22) yields
(f − 2λh)F 2 − [4λ(f|0 + σθ) + σ|0]F − (6λ3σ|0 + λ|0)σ|0 = 0. (4.18)
If 4λ(f|0 + σθ) + σ|0 6= 0 or 6λ3σ|0 + λ|0 6= 0, then by Lemma 3.5, F is a Randers metric.
Otherwise (4.1) and (4.2) hold. Q.E.D.
In the following lemma we prove that the case (ii) in Proposition 4.1 is impossible if the
metric is not a Randers metric.
Lemma 4.2 Let F be a Finsler metric on an n-dimensional manifold M (n ≥ 2) of weakly
isotropic flag curvature
K =
3θ
F
+ σ,
where θ = θi(x)y
i = λσ|iy
i is a closed 1-form and σ = σ(x), λ = λ(x) are two scalar
functions. Assume that F is not a Randers metric. If
4λ(f|0 + σθ) + σ|0 = 0 (4.19)
and
6λ3σ|0 + λ|0 = 0, (4.20)
where f = f(x) satisfies (3.22), then
θ = λσ|iy
i = 0.
Proof: If at some point xo, λ(xo) = 0, then at this point θ = 0. Thus we only need to
consider the point x such that λ(x) 6= 0. Plugging θ = λσ|iyi back to (3.23) yields
θ|0 = fF
2 − θF
λ
.
Then by a direct substitution, (4.12) can be written into
[2h|0
F
+
(f|0 + σθ)|0
F 2
− 4f θ
F
− σ θ|0
F 2
− 2 θ|0
F 2
θ
F
− θ
2
λF 2
]
·i
= 0. (4.21)
This means that there is a function r = r(x) such that
2h|0
F
+
(f|0 + σθ)|0
F 2
− 4f θ
F
− σ θ|0
F 2
− 2 θ|0
F 2
θ
F
− θ
2
λF 2
= r (4.22)
By (4.19), we have
(f|0 + σθ)|0 = −(
σ|0
4λ
)0 = −1
4
(
σ|0|0
λ
− σ|0λ|0
λ2
)
= − 1
16λ2
(F − 4λ|0)σ|0 −
1
2λ
(hF 2 + 3θ2).
(4.23)
The last equality is from (4.5) and (4.19). Then by the above expression of (f|0+ σθ)|0 and
(4.20), (4.22) can be simplified into
−1
2
λ(2fλσ + 2rλ+ h)F 2 + (−6fλ3σ|0 + λ2σσ|0 + 2h|0λ2 −
1
16
σ|0)F + λ
3(λ2 − 1)σ2|0 = 0.
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If F is not a Randers metric, then by Lemma 3.5, λ3(λ2 − 1)σ2|0 6= 0. Then λ = const. or
σ|0 = 0. In fact, if λ is a constant, then by (4.20), σ|0 = 0. Thus σ|0 = 0. Q.E.D.
Proof of Theorem 1.1: By the assumption, F is of weakly isotropic flag curvature
K =
3θ
F
+ σ.
If θ = 0, then by Schur’s Lemma F is of constant flag curvature. If θ 6= 0, then by
Proposition 4.1 and Lemma 4.2 F must be a Randers metric. Further, by the results in [7]
F must be expressed in (1.2). Q.E.D.
5 Projectively flat Finsler metrics
Without the restriction on the dimension of the manifold, we study projectively flat Finsler
metrics of weakly isotropic flag curvature in this section. The following lemma shows the
equation which the flag curvature should satisfy.
Lemma 5.1 Let F be a projectively flat Finsler metric of scalar flag curvatureK = K(x, y).
Then
F
3
(K·lP·k−K·kP·l)+P (K·lF·k−K·kF·l)+KxkF·l−KxlF·k+
F
3
(K·lxk −K·kxl) = 0, (5.1)
where P = P (x, y) is the projective factor of F .
Proof: By (2.4) and a direct computation we have
Pxl·k =
1
2
[P 2]·k·l − FF·lK·k − 1
2
K[F 2]·k·l − 2
3
FF·kK·l − 1
3
F 2K·k·l (5.2)
Pxkxl = PxlP·k +PPkxl − FKxlF·k −KFxlF·k −KFF·kxl −
2
3
FFxlK·k −
1
3
F 2K·kxl . (5.3)
Plugging (2.3), (2.4) and (5.2) into above equation yields
Pxkxl =2PP·kP·l + P
2P·k·l −KPF·kF·l −KF (P·kF·l + P·lF·k)− KP
2
[F 2]·k·l
− PF
2
3
K·k·l −KFF·kxl −
F 2
3
(K·kP·l +K·lP·k)− 2PF
3
(K·kF·l +K·lF·k)
− F
2
3
K·kP·l − PFK·kF·l − FKxlF·k −
F 2
3
K·kxl .
(5.4)
Then
0 = Pxkxl − Pxlxk =
F 2
3
(K·lP·k −K·kP·l) + PF (K·lF·k −K·kF·l)
+ F (KxkF·l −KxlF·k) +
F 2
3
(K·lxk −K·kxl).
(5.5)
Here G. Hamel’s equation (2.2) is used. Q.E.D.
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Now we can prove that when
K =
3θ
F
+ σ,
θ must be closed. By the equations (2.3) and (2.4) in Lemma 2.2, we get the following
equations.
K·k =
3
F 2
(θkF − θF·k), (5.6)
Kxk =
3
F 2
(θxkF − θFxk) + σxk =
3
F 2
[
θxkF − θ(P·kF + PF·k)
]
+ σxk , (5.7)
Kxly
l =
3
F
(θxly
l − 2θP ) + σxlyl, (5.8)
K·kxly
l =
12P
F 2
(θF·k − θkF ) + 3
F 2
(θkxly
lF + 2PFθk − θxlylF·k − θFxk). (5.9)
Then we can prove the following lemma.
Lemma 5.2 Let F be a projectively flat Finsler metric of weakly isotropic flag curvature
K =
3θ
F
+ σ,
where θ = θi(x)y
i is a 1-form and σ = σ(x) is a scalar function. Then θ must be a closed
1-form. In this case, there exists a scalar function a = a(x) such that
aF 2 − σxlylF + 2θP − θxlyl = 0. (5.10)
Proof: Contracting (5.1) with yl yields
− 4PF
3
K·k + FKxk −KxlylF·k −
F
3
K·kxly
l = 0. (5.11)
Substituting (5.6)-(5.9) into the above equation yields
2
F
(2θPF·k − θFP·k − PFθk) + Fσxk − σxlylF·k −
2
F
θxly
lF·k − θkxlyl + 3θxk = 0.
The above equation can be written into
2
θkxly
l − θxk
F 2
=
[
− 2θP
F 2
+
σxly
l
F
+
θxly
l
F 2
]
·k
. (5.12)
Then we have [θkxlyl − θxk
F 2
]
·j
=
[θjxlyl − θxj
F 2
]
·k
. (5.13)
By a direct computation, we get
(θkxj − θjxk)F 2 − (θkxlyl − θxk)
[1
2
F 2
]
·j
+ (θjxly
l − θxj )
[1
2
F 2
]
·k
= 0.
Differentiating the above equation respect to yi yields
2(θkxj−θjxk)FF·i−(θkxi−θixk)FF·j+(θjxi−θixj)FF·k−(θkxlyl−θxk)gij+(θjxlyl−θxj)gki = 0.
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Contracting it with gij , we get
n(θxk − θkxlyl) = 0.
Then
θlxk = θkxl .
Thus θ is a closed 1-form. Substituting it back into (5.12) yields
[
− 2θP
F 2
+
σxly
l
F
+
θxly
l
F 2
]
·k
= 0.
Then we obtain (5.10). Q.E.D.
Lemma 5.3 Let F be a projectively flat Finsler metric of weakly isotropic flag curvature
K =
3θ
F
+ σ,
where θ = θi(x)y
i is a 1-form and σ = σ(x) is a scalar function. Then one of the following
holds.
(i) F is a Randers metric;
(ii) σ = σ(x) 6= const. and there exist two scalar function b = b(x) and λ = λ(x) such that
1
2
σxkxly
kyl − σxlylP = bF 2 + 2(axlyl + σθ)F + 3θ2, (5.14)
θ = λσxly
l.
Proof: By Lemma 5.2, (5.10) holds. Differentiating it with respect to xk yields
axkF
2 + 2aFFxk − σxlxkylF − σxlylFxk + 2θxkP + 2θPxk − θxlxkyl = 0.
Set
Θ := aF 2 − σxlylF + 2θP − θxlyl.
By (5.10), Θ = 0. Differentiating (5.10) with respect to yi yields
0 = Θ·i = (2aF − σxlyl)F·i − Fσxi + 2(θP·i + Pθi − θxi). (5.15)
Here we use the fact that θ is closed. Which implies θxi = θixly
l. Differentiating (5.15) with
respect to xj yields
0 = Θ·ixj =(2axjF + 2aFxj − σxjxlyl)F·i + (2aF − σxlyl)F·ixj − Fxjσxi − Fσxixj
+ 2(θxjP·i + θP·ixj + Pxjθi + Pθixj − θxixj ).
(5.16)
By the assumption, F is projectively flat, then by (2.3), (2.4) and (5.2) we have
Fxj = FP·j + PF·j ,
P·ixj =
1
2
[P 2]·i·j − FF·jK·i − 1
2
K[F 2]·i·j − 2
3
FF·iK·j − 1
3
F 2K·i·j
=
1
2
[P 2]·i·j − 2θF·i·j − 1
2
σ[F 2]·i·j − 2θiF·j − θjF·i.
(5.17)
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Plugging above two equations into (5.16), we get
0 = Θ·ixj
= (2axjF + 2aFP·j − σxjxlyl − 2θθj)F·i − (8θθi + 2σFθi + Pσxi)F·j + 2θxjP·i
+ (2Pθi − Fσxi)P·j + 2aPF·iF·j − 2Fθiθj − Fσxixj − 2θxixj + θ[P 2]·i·j
− σθ[F 2]·i·j − 4θ2F·i·j + 2Pθixj + (2aF − σxlyl)F·ixj .
(5.18)
Then we have
0 = Θ·ixj −Θ·jxi
= (2axjF + 2aFP·j − σxjxlyl + 6θθj + 2σFθj + Pσxj )F·i
− (2axiF + 2aFP·i − σxixlyl + 6θθi + 2σFθi + Pσxi)F·j
+ 2θxjP·i − 2θxiP·j + (2Pθi − Fσxi)P·j − (2Pθj − Fσxj )P·i
(5.19)
Contracting above equation with yj yields
0 = (2axly
lF + 2aFP − σxkxlykyl + 6θ2 + 2σθF + Pσxlyl)F·i
− (2axiF + 2aFP·i − σxixlyl + 6θθi + 2σFθi + Pσxi)F
+ 2θxly
lP·i − 2θxiP + (2Pθi − Fσxi)P − (2θP − Fσxlyl)P·i.
(5.20)
Observing that
2axly
lFF·i − 2axiF 2 = −2F 3[
axly
l
F
]·i, 2aFPF·i − 2aF 2P·i = −2aF 3[P
F
]·i,
−σxkxlykylF·i + Fσxixlyl =
1
2
F 3[
σxkxly
kyl
F 2
]·i, 6θ
2F·i − 6θFθi = −3F 3[ θ
2
F 2
]·i,
2σθFF·i−2σF 2θi = −2σF 3[ θ
F
]·i, Pσxly
lF·i+Fσxly
lP·i−2FPσxi = −2
√
(FP )3[
σxly
l
√
PF
]·i,
2θxly
lP·i − 2θxiP = −P 3[
θxly
l
P 2
]·i, 2P
2θi − 2θPP·i = 2P 3[ θ
P
]·i,
(5.20) can be written into
0 = F 3
[− 2axly
l
F
− 2aP
F
+
1
2
σxkxly
kyl
F 2
− 3 θ
2
F 2
− 2σ θ
F
]
·i
− 2
√
(FP )3[
σxly
l
√
PF
]·i + P
3
[− θxly
l
P 2
+ 2
θ
P
]
·i
.
It is equivalent to
[
2
axly
l
F
+ 2a
P
F
− 1
2
σxkxly
kyl
F 2
+ 3
θ2
F 2
+ 2σ
θ
F
]
·i
= − 2(P
F
)
3
2 [
σxly
l
√
PF
]·i + (
P
F
)3
[− θxly
l
P 2
+ 2
θ
P
]
·i
= − 2(P
F
)
3
2 [
σxly
l
P 2
(
P
F
)
3
2 ]·i + (
P
F
)3
[σxlyl − aF 2
P 2
]
·i
= − [σxly
lP
F 2
]·i + 2a[
P
F
]·i.
(5.21)
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Here (5.10) is used. Then there exists a scalar function b = b(x) such that
−b = 2axly
l
F
− 1
2
σxkxly
kyl
F 2
+ 3
θ2
F 2
+ 2σ
θ
F
+
σxly
lP
F 2
.
Thus
− bF 2 − 2(axlyl + σθ)F +
1
2
σxkxly
kyl − 3θ2 − σxlylP = 0. (5.22)
By Lemma 5.2, (5.10) holds. Then σxly
l × (5.10) + 2θ × (5.22) yields
(aσxly
l− 2bθ)F 2− [(σxlyl)2+4(axlyl+σθ)θ]F −σxkykθxlyl+ θσxkxlykyl− 6θ3 = 0. (5.23)
If (σxly
l)2 + 4(axly
l + σθ)θ 6= 0, then by Lemma 3.5 F is a Randers metric. If
(σxly
l)2 + 4(axly
l + σθ)θ = 0, (5.24)
we divide the left proof into two cases.
Case (i) σxly
l = 0. In this case, (5.22) becomes into
− bF 2 − 2(axlyl + σθ)F − 3θ2 = 0. (5.25)
Then by Lemma 3.5, F is a Randers metric.
Case (ii) σxly
l 6= 0. In this case, by (5.24) there exists a scalar function λ = λ(x) such
that
θ = λσxky
k.
Q.E.D.
Proof of Theorem 1.3: By Lemma 5.3, we only need to prove the theorem when
σxly
l = σ|0 6= 0. By the assumption Gi = Pyi, then (5.10) and (5.14) can be rewritten into
θ|0 = aF
2 − σ|0F (5.26)
1
2
σ|0|0 = bF
2 + 2(axly
l + σθ)F + 3θ2. (5.27)
By a direct computation, we get
θ|0 =λ|0σ|my
m + λσ|0|0
=2λbF 2 + 4λ(a|0 + σθ)F + 6λθ
2 + λ|0σ|0.
(5.28)
Here the second equality is from (5.27). Substituting (5.28) back into (5.26) yields
(a− 2λb)F 2 − [4λ(a|0 + σθ) + σ|0]F − (6λ3σ|0 + λ|0)σ|0 = 0. (5.29)
If 4λ(a|0 + σθ) + σ|0 6= 0 or 6λ3σ|0 + λ|0 6= 0, then by Lemma 3.5, F is a Randers metric.
Otherwise
4λ(a|0 + σθ) + σ|0 = 0 (5.30)
and
6λ3σ|0 + λ|0 = 0. (5.31)
We claim that it is impossible if F is not a Randers metric. By replacing the function
f = f(x) with a = a(x), (5.30), (5.31) and (5.26) are just (4.19), (4.20) and (3.22) in
Lemma 4.2. Then Lemma 4.2 is still true in this case (even in dimension two). Then θ = 0.
This case is excluded by the assumption θ 6= 0. Q.E.D.
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